Quantum emitters, such as q-dots and dye molecules, in the immediate vicinity of plasmonic nanostructures, resonantly excite surface plasmon-polaritons (SPPs) under incoherent pump. The efficiency in the excitation of SPPs per emitter increases with the number of the emitters, because the SPP field synchronizes emission of the coupled emitters, in analogy with the superadiance (SR) in free space. Using fully quantum mechanical model for two emitters coupled with a metal nanorod, we predict up to 15% increase in the emission yield of single emitter compared to only one emitter near the nanorod. Such emission enhancement is stationary and should be observable even with strong dissipation and dephasing under incoherent pump of emitters. Solid-state quantum emitters with blinking behaviors may be utilized to demonstrate such plasmonic SR emission enhancement. Plasmonic SR may find implications in the excitation of nonradiative modes in plasmonic waveguides, in lowing threshold of plasmonic nanolasers.
INTRODUCTION
Superradiance (SR), takes place at transitions between collective "brlight" (Dicke) states of encemble of N coupled emitters regularly distributed in small volume. Emitters interact with each other through electromagnetic field by the dipole-dipole interaction [1] [2] [3] . Transitions between "bright" states of dipoles correspond to coherent oscillations of their dipole moments resulting in a large total dipole moment forming intenstive SR pulse 4 . Continuesly excited coupled dipole emitters can be placed in a microcavity, their large collective dipole moment can be utilized for the stationary generation of coherent light. Modern technologies allow to create variates of active media of ordered emitters in microcavities, it motivates us to investigate the stationary SR in mesoscopic systems 5 , in micro-and nanocavities [6] [7] [8] [9] [10] [11] [12] .
"Plasmonic" nanocavity is metal nano-scaled (in one, two or three dimentions) structure with plasmon-polariton resonance. It interacts with emitters through strong near field. Plasmonic nanocavities have been proposed as buliding blocks for highly integrated photonic circuits 13 . However, due to absorption in metal, they suffer from high absorptive losses. This hinders some applications, but provides proper conditions for plasmonic SR [6] [7] [8] which may help also to overcome the loss problem. Indeed, a low-quality cavity makes plasmonic bath, similar to photon bath in free space. the Emitters in low-Q cavity decay radiatively [14] [15] [16] , bath photon never comes back to emitter, bath degrees of freedom can be eliminated adiabatically. Otherwise, cavity modes have high density of states at resonance 17 leading to enhanced spontaneous emission to plasmonic modes [18] [19] [20] . SR in vacuum is considered usually as radiative decay after initial instant excitation 19 The key signature of SR in vacuum is the increase of radiative decay rate 1 . For SR in dissipative environment, as near metal nanoparticle with high Jule losses, SR increases the quantum efficiency of radiation per emitter 22 . The decay rate of q-dots photoluminescence as a function of the number of interacting QDs (without nearby metal nanostructure) and their respective separation has been investigated in 23 . Such proof-of principle experiments are difficult because for a few emitters only minor influence on radiative lifetime 3 is predicted even for SR in free space. In solid-state emitters SR influence is even smaller due to non-radiative (phonon) decay 22 , inhomogeneous broadening and other reasons 24 . Highprecision experiments with an isolated atom pair in free space 25 and with superconductive q-bits in 1-D cavity 10 revealed only a marginal change of cooperative lifetime. Thus, the increase of density of photonic states near metal nanostructures may be quite helpful to increase the SR efficiency, which is necessary for its experimental observations and applications.
Here we investigate the stationary SR of two emitters, resonantly coupled, via near field, with the localized SPP mode of a metal nanorod. We calculate and show the increase of efficiency of SPP generation per emitter respectively to single emitter near the nanorod. Here we consider plasmonic SR, i.e., emitters generate plasmons 13 , not photons. Each emitter is incoherently pumped. We consider quadrupole SPP mode with relatively low radiation losses and high Q-factor, which may be interesting for optical inter-chip connections. For calculations we use simple, but fully quantum-mechanical model, taking into account of all the quantum correlations and dissipation. We eliminate SPP adiabatically, which is good approximation for weak coupling of emitters with low-Q SPP 8 .
Fluorescence enhancement of many emitters near metal nanoparticle has been studied in 26 in the frame of rate equations, without taking into account coherent emitter-emitter coupling through SPP mode. In the meanwhile, coherent phenomena in quantum emitters near metal nanoparticle may be quite important 27 . Coherent coupling of two emitters with metal nanowire was studied in 17 . There cooperative surface plasmon emission, achieved for the highest β-factor has been mentioned, without, however, solving the complete quantum-mechanical problem.
We determine conditions, when quantum efficiency of SPP generation by two emitters near metal nanorod is higher, than for two nanorodes with single emitter near each one. Such increase in efficiency is caused by collective radiation of emitters into SPP mode. As numerical parameter we use quantum efficiency of generation of SPP per emitter, we name this parameter as "Single emitter Quantum Efficiency" (SQE). We'll see, that the increase in SQE is due to synchronization of chaotic dipole oscillations of emitters through the near field of SPP: very similar to how two dipoles, close to each other in free space, are self-synchronized through the dipole-dipole interaction. We take into account of the dephasing, non-radiative decay at transitions of emitters and the absorption in metal. It turns out that necessary condition for the stationary SR is the population inversion at transitions of emitters, which makes SR similar with lasing. We describe SPP in terms of "plasmons": quanta of oscillations of full dipole moment of metal nanoparticle. Electromagnetic field induced by SPP oscillations can be easily found.
In Section 2 we present the Hamiltonian and derive Heisenberg operator equations of motion for N emitters near a metal nanorod. We adiabatically eliminate SPP operator at the assumption of strong SPP dissipation and weak coupling with emitters. The case of strong coupling of SPP and emitterts is considered in 28 . Taking Heisenberg operator equations for N emitters from Section 2, we derive equations for expectation values of operators of two emitters in Section 3.
Section 4 contains main results of the paper: conditions of increase of quantum efficiency per emitter due to SR. There we find the stationary solution of equations for two symmetric emitters: when they are equally coupled with SPP. Discussion of results and the conclusion are given in Sections 5 and 6.
HAMILTONIAN AND EQUATIONS OF MOTION FOR N EMITTERS
Hamiltonian of the interaction of SPP of the nanorod with N two-level emitters, written in RWA with SPP frequency as a carrier frequency, is ( ) n of the population of the low state of i-th emitter:
Here κ is SPP decay rate, Γ is polarization relaxation rate of emitter; ( )
We are looking for the stationary solutions for expectation values, so we can set
. As we will see, (4) we find:
and using Eq. (2) we write: 
Here ... means expectation value and 
The term proportional to
in the right hand side of the second one of Eq. (9) describes spontaneous emission of emitters into SPP. Using Eq. (8) we write for the mean number of plasmons:
n a a n γ γγ σσ κ From Eq. (11) and the second one of Eqs. (9) we find the number of generated plasmons per emitter
where
From Eqs. (12) and (13) we obtain simple formula for Relative Quantum Efficiency (RQE) per emitter -relatively to single emitter near the nanorod:
EQUATIONS OF MOTION FOR TWO EMITTERS
We restrict ourselves to only two emitters near the nanorod, i.e., 2 N = . Let us find the stationary number of plasmons (2) n per emitter. In order to calculate (2) n we have to find 
Using the first one of Eqs. (9) and differentiating the product 1 2 σ σ + we obtain ( ) (
We suppose, for simplicity, 
Generalization of this procedure to the case of more than two emitters is straightforward. In the next Section we'll find and investigate the stationary solution of Eqs (19) for symmetric position of emitters.
THE STATIONARY SOLUTION AND RQE FOR SYMMETRIC POSITIONS OF EMITTERS
We 
From the stationary Eqs. (20), using expressions (7) and (18) we obtain the stationary (2) Δ :
( 1 2 
Δ is given by Eq. (21) with 0 Sr = ). Then, as one concludes from Eq. (14), RQE 1 R < . Thus RQE is increased by SR, when the stationary population inversion is provided. At the absence of the population inversion SR reduces RQE. This result is similar with numerical results of 11, 12 .
Because of 0 Sr > we have (2) Figure 2b shows the same for finite 4KTan (N) Because of γ depends on the position of emitter near the nanorod, in particular, on the distance between the nanorod and the emitter, one can determine optimal positions of emitters correspondent to the maximum RQE. We can find opt γ from Eqs. (21) and (14).
Because of Sr grows with pump, the maximum of RQE can be obtained at high pump 
DISCUSSION OF RESULTS
We see that positive Sr in the denominator of the first of Eqs. (21) reduces the stationary population inversion per emitter (2) Δ for two emitters respectively to (1) Δ -for single emitter. For
Δ < Δ means increase RQE for two emitters respectively to single emitter, see Eq. (14) . The last stationary Eqs. (20) and (15) 
where 1 2 a a n n + is the sum of squares of dipole momenta of the first and the second emitter, while Eqs. (14), (21) show that the necessary condition of increase of RQE is the population inversion: (2) 0 Δ > . Otherwise, at (2) 0 Δ < SR reduces RQE. According to Eq. (7) any pump provides population inversion at the absence of radiation: 0 0 Δ > . It is interesting to see, whether (2) 0 Δ > ( (2) 0 Δ < ) means increase (decrease) RQE by SR for other pumprelaxation schemes, different from the one shown in Figure 1 . Condition (2) 0 Δ > needed for increase of RQE reminds us lasing condition. However, in a difference with lasing, we did not find threshold condition (2) Figure   4b . The most important part of the dependence is
We predict 10-15% of increase of RQE (taking into account dissipation). It is not high, but it is much higher than at SR of two emitters in free space with only radiative decay: see, for example, Figure 5 from 3 or Figure 3 from 16 . Thus, plasmonic SR is more intensive than SR in free space -because of high density of states of photons near metal nanorod. We note that only few percent's of increase of radiative decay of two emitters (superconductive q-bits) was observed in the prove-of-principle experiment 10 in THz region, which is, as far as we aware, the only one experiment on SR of two emitters in the cavity. Thus, two or few emitters near metal nanostructure may be good system for experimental observation of SR in the visible or near IR spectral regions. We suggest that RQE will be increased furtherly with growing the number of emitters symmetrically placed near the nanostructure. The case of few (but more than two) emitters at their symmetric or non-symmetric positions near the nanorod is interesting for future theoretical modelling.
Direct measurement of RQE is, may be, not a best way to detect and study SR near nanoparticle, because of difficulties in setting proper positions of emitters, emitter's inhomogeneity etc. However, because of the coupling of emitters through SPP provides synchronization in emitter's dipole transitions, one can expect synchronization in emitter's blinking observing their far field emission. Experimental manifestation of such correlated blinking may be good prove of plasmonic SR.
CONCLUSION
We carried out fully quantum mechanical analysis of the stationary radiation from two emitters near metal nanorod. The only approximation applied was the adiabatic elimination of variables of localized surface plasmon-polariton mode (SPP) of the nanorod, which is good approximation for low-Q SPP weakly coupled with emitters. Non-radiative damping and dephasing of emitter's transitions, absorption of SPP in metal nanoparticle, continuous incoherent pump of emitters are taken into account. We found stationary number of generated plasmons and relative quantum efficiency of generation of plasmons per emitter (RQE) for two emitters, respectively to single emitter near metal nanorod. We see, that RQE>1 at the population inversion in emitter's transitions. The maximum RQE is about 15% at high pump rate, low dephasing and fast relaxation from the low energy state of emitter. Maximum value of RQE is reached for certain optimal value of coupling of emitter with SPP.
The results and approach of this model help in the design of experiments on observation of SR near metal nanostructures and make a basis for more detailed analytical modeling of plasmonic SR. We believe that analytical modeling needs for better understanding of physics and dependences on various parameters: it gives directions for numerical modeling at more realistic experimental conditions (as, for example, at inhomogeneous broadening of emitters). Observation of plasmonic SR of several emitters near metal nanorod may be good "proof of principle" experiment on quantum SR in dissipative environment. One can register correlations in blinking of emitters or increase in the efficiency of generation of light per emitter or correlations in the far field. Possible applications of plasmonic SR can be for excitation (also by injection current) and control of non-radiative modes in plasmonic waveguides 13 , for fast and efficient single photon sources (SPS might not be the case); for lowing threshold of plasmonic nanolasers.
